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Energy spetra of gamma-rays, eletrons and neutrinos produed at proton-proton
interations in the very high energy regime
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We present new parametrisations of energy spetra of seondary partiles, pi-mesons, gamma-rays,
eletrons and neutrinos, produed in inelasti proton-proton ollisions. The simple analytial ap-
proximations based on simulations of proton-proton interations using the publi available SIBYLL
ode, provide very good auray for energy distributions of seondary produts in the energy range
above 100 GeV. Generally, the reommended analytial formulae deviate from the simulated dis-
tributions within a few perent over a large range of x = Ei/Ep - the fration of energy of the
inident proton transferred to the seondaries. Finally, we desribe an approximate proedure of
ontinuation of alulations towards low energies, down to the threshold of pi-meson prodution.
PACS numbers: 13.75.Cs, 13.20.Cz, 13.60.Hb, 14.60.-z
I. INTRODUCTION
Any reliable interpretation of an astronomial obser-
vation requires not only high quality experimental in-
formation onerning the spetral, temporal and spatial
properties of radiation, but also unambiguous identifia-
tion of the relevant radiation proesses. In this regard,
the good knowledge of harateristis of radiation meh-
anisms is a prinipal issue in astrophysis, in partiular
in gamma-ray astronomy where we often fae a problem
when the same observation an be equally well explained
by two or more radiation proesses.
Fortunately, all basi radiation proesses relevant to
high energy gamma-ray astronomy an be omprehen-
sively studied using the methods and tools of experimen-
tal and theoretial physis. This onerns, in partiular,
one of the most prinipal gamma-ray prodution meh-
anisms in high-energy astrophysis  inelasti proton-
proton interations with subsequent deay of the se-
ondary pi0 and η-mesons into gamma-rays. The deays
of aompanying pi±-mesons and some other (less impor-
tant) short-lived seondaries result in prodution of high
energy neutrinos. This establishes a deep link between
the high energy gamma-ray and neutrino astronomies.
Finally, the seondary eletrons (positrons) from p-p in-
terations may ompete with diretly aelerated ele-
trons and thus signifiantly ontribute to the nonthermal
eletromagneti radiation of gamma-ray soures from ra-
dio to hard X-rays.
The prinipal role of this proess in high energy astro-
physis was reognized long ago by the pioneers of the
field (see e.g. [1, 2, 3℄), in partiular in the ontext of
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their appliations in gamma-ray (e.g. [4℄) and neutrino
(e.g. [5℄) astronomies. The first reliable experimental
results obtained with the SAS-2 and COS-B gamma-ray
satellite missions, initiated new, more detailed studies of
pi0-prodution in p − p interations [6, 7℄, in partiular
for the interpretation of the diffuse galati gamma-ray
bakground emission. The prospets of neutrino astron-
omy initiated similar alulations for high energy neutri-
nos and their links to gamma-ray astronomy [8, 9, 10, 11℄.
The observations of diffuse gamma-ray emission from
different parts of the galati disk by EGRET revealed
a notieable exess of flux at energies of several GeV.
Although this exess an be naturally explained by as-
suming somewhat harder proton spetrum (ompared to
the loally measured flux of osmi rays) [12, 13, 14℄,
this result reently initiated a new study of the proess
[15℄ based on the approah of separation of the diffra-
tive and non-diffrative hannels of interations as well
as inorporating violation of the Feynman saling.
It is remarkable that while preise alulations of
gamma-ray spetra require quite heavy integrations over
differential ross-setions measured at laboratory exper-
iments, the emissivity of gamma-rays for an arbitrary
broad and smooth, e.g. power-law, energy distribution
of protons an be obtained, with a quite reasonable au-
ray, within a simple formalism (see e.g. Ref.[13℄) based
on the assumption of a onstant fration κ of energy of
the inident proton released in the seondary gamma-
rays (see [16℄ for omparison of different approahes).
This approah relies on the energy-dependent total in-
elasti ross-setion of pp interations, σinelpp (E), and as-
sumes a fixed value of the parameter κ ≈ 0.17, whih
provides the best agreement with the aurate numerial
alulations over a wide energy range of gamma-rays.
On the other hand, in the ase of sharp spetral fea-
tures like pileups or utoffs in the proton energy distribu-
tion, one has to perform aurate numerial alulations
based on simulations of inlusive ross-setions of produ-
tion of seondary partiles. Presently three well devel-
oped odes of simulations of p-p interations are publi
available  Pythia [17℄, SIBYLL [18℄, QGSJET [19℄. The
last two as well as some other models are ombined in
2the more general CORSIKA ode [20℄ designed for sim-
ulations of interations of osmi rays with the Earth
atmosphere. These odes are based on phenomenologial
models of p-p interations inorporated with omprehen-
sive experimental data obtained at partile aelerators.
While these odes an be diretly used for alulations
of gamma-ray spetra for any distribution of primary
protons, it is quite useful to have simple analytial pa-
rameterizations whih not only signifiantly redue the
alulation time, but also allow better understanding of
harateristis of seondary eletrons, espeially for the
distributions of parent protons with distint spetral fea-
tures. This onerns, for example, suh an important
question as the extration of the shape of the proton en-
ergy distribution in the utoff region based on the anal-
ysis of the observed gamma-ray spetrum. Indeed, while
the delta-funtional approah implies, by definition, sim-
ilar spetral shapes of gamma-rays and protons (shifted
in the energy sale by a fator of κ), in reality the energy
spetrum of highest energy gamma-rays appears, as we
show below, smoother than the distribution of protons
in the orresponding (utoff) region. Thus, the use of
simple approximations not always an be justified, and,
in fat, they may ause misleading astrophysial onlu-
sions about the energy spetra of aelerated protons.
Two different parameterizations of inlusive ross-
setions for pion-prodution in proton-proton intera-
tions has been published by Stephens and Badwar [6℄ and
Blattnig et al [21℄. However, reently it was reognized
[16℄ that both parameterizations do not desribe orretly
the gamma-ray spetra in the high energy regime. The
parameterization of Stephens and Badwar underpredits
the yield of high energy pions. The parameterization by
Blattnig et al. is valid for energies below 50 GeV; above
this energy it signifiantly overpredits the pions produ-
tion.
In this paper we present new parameterizations for
high energy spetra of gamma-rays, eletrons and neu-
trinos based on the simulations of proton-proton inter-
ations using the SIBYLL ode [18℄, and partly (only for
distributions of pi-mesons) the QGSJET [19℄ ode. We
provide simple analytial approximations for the energy
spetra of seondaries with auraies generally better
than several perent.
II. INCLUSIVE SPECTRA OF PIONS
The energy spetra of seondary produts of p-p in-
terations Fpi(x, Ep) are expressed through the total and
inlusive ross-setions,
Fpi(x, Ep) =
Ep
σinel
∫
d3σ
dp3
d2pt , (1)
where x = Epi/Ep is the ratio of the energy of inident
proton Ep transferred to the seondary pi-meson. It is
onvenient to present Fpi(x, Ep) in the form
Fpi(x, Ep) =
d
dx
Φ(x, Ep) . (2)
By definition
dNpi ≡ Fpi(x, Ep) dx = Fpi(x, Ep) dEpi/Ep (3)
is the number of neutral pi-mesons per one p − p inter-
ation in the energy interval (Epi , Epi + dEpi). The pre-
sentation in the form of Eq.(2) is onvenient beause it
allows to estimate easily the multipliity of pi-mesons.
The funtion Φ(x, Ep) obviously an be presented in dif-
ferent forms. For the simulated distributions obtained
with the QGSJET model (see Fig. 1) the funtion
ΦQGSJET = −Bpi
(
1− xα
(1 + r xα)3
)4
, (4)
provides a rather good fit with the parameters Bpi , α and
r as weak funtions of Ep. Note that
1∫
0
Fpi(x, Ep) dx = Bpi . (5)
Also, at the threshold, x = mpi/Ep, the funtion
Fpi should approah zero. In order to take this ef-
fet into aount, we introdue an additional term (1 −
mpi/(xEp))
1/2
and require that Fpi = 0 at x < mpi/Ep.
Then we obtain
Fpi(x, Ep) = 4αBpix
α−1
(
1− xα
(1 + r xα)3
)4
×
(
1
1− xα +
3 r
1 + rxα
)(
1− mpi
xEp
)1/2
. (6)
The spetra of harged pions are desribed by the same
equation.
The parameters Bpi, α, and k were obtained via the
best least squares fits to the simulated events (histogram
in Fig. 1). For the energy interval of inident protons
0.1− 103 TeV this proedure gives
Bpi = 5.58 + 0.78L+ 0.10L
2 , (7)
r =
3.1
B
3/2
pi
, α =
0.89
B
1/2
pi (1− e−0.33Bpi)
, (8)
where L = ln(Ep/1TeV).
For x & 10−3 (provided that Epi ≥ 10 GeV) this ana-
lytial approximation deviates from simulations less than
10 perent for the entire energy range of inident protons
from 0.1 to 103 TeV. In Fig. 1 the results of the QGSJET
simulations and the fits based on Eq.(6) are shown for the
proton energies of 0.1 TeV and 103 TeV.
3Figure 1: Energy spetra of neutral pions from the numerial simulations of the QGSJET ode (histograms) and from the
presentation given by Eq.(6) for two energies of primary protons: (a) 0.1 TeV and (b) 10
3
TeV.
The results of numerial simulations of the energy dis-
tribution of seondary pions obtained with the SIBYLL
ode are well desribed by the funtion
ΦSIBYLL = −Bpi
(
1− xα
1 + r xα (1 − xα)
)4
, (9)
with the best fit parameters
Bpi = a+ 0.25 , α =
0.98√
a
, r =
2.6√
a
, (10)
where
a = 3.67+0.83L+0.075L2 , L = ln(Ep/1TeV) . (11)
From Eqs.(9) and (2), and introduing an additional
term (1−mpi/(xEp))1/2, one obtains
Fpi(x, Ep) = 4αBpix
α−1
(
1− xα
1 + rxα(1− xα)
)4
×
(
1
1− xα +
r (1− 2xα)
1 + rxα(1 − xα)
)(
1− mpi
xEp
)1/2
. (12)
In the ontext of different astrophysial appliations,
the ultimate aim of this study is the analytial desrip-
tion of gamma-rays and lepton from deays of unstable
seondary partiles produed at proton-proton intera-
tions. In this regard, in the ase of gamma-rays one has
to onsider, in addition to pi0-mesons, also prodution
and deay of η-mesons. The analysis of the simulations
show that the energy spetrum of η-mesons is well de-
sribed by the funtion
Fη(x, Ep) = (0.55 + 0.028 lnx)
(
1− mη
xEp
)
Fpi(x, Ep)
(13)
with the ondition Fη(x, Ep) = 0 at x < mη/Ep.
In Fig. 2 we present the results of simulations of en-
ergy distributions of pi- and η-mesons obtained with the
SIBYLL ode, together with the analytial approxima-
tions given by Eqs. (12) and (13) for four energies of
inident protons: 0.1, 10, 100, and 1000 TeV. Note that
Eq.(12) desribes the spetra of pions at x & 10−3 with
an auray better than 10 perent over the energy range
of protons from 0.1 TeV to 105 TeV. The approximation
for the spetrum of η-mesons is somewhat less aurate.
However, sine the ontribution of pi0-mesons to gamma-
rays dominates over the ontribution from deays of η-
mesons, auray of Eq. (13) is quite aeptable.
The QGSJET and SIBYLL odes give quite similar,
but not idential results. The differenes are refleted in
the orresponding analytial presentations. In Fig.3 the
energy spetra of pions desribed by Eqs.(4) and (12)
are shown for two energies of protons. While these two
approximations give similar results around x ∼ 0.1, de-
viations at very small, x ≤ 10−2, and very large, x ≥ 0.5,
energies of seondary pions, are quite signifiant. Gen-
erally, the gamma-ray spetra from astrophysial objets
are formed at a single p-p ollision (the so-alled "thin
target" senario), therefore the most important ontribu-
tion omes from the region x = Epi/E0 ∼ 0.1, where these
two approximations agree quite well with eah other. On
the other hand, for the proton distributions with distint
spetral features, in partiular with sharp high-energy
utoffs, the region of x ≥ 0.1 plays important role in
the formation of the orresponding high-energy spetral
tails of seondary produts. Sine it appears that in this
range the SIBYLL ode desribes the aelerator data
somewhat better (Sergey Ostaphenko, private ommu-
niation), in the following setions we will use the distri-
butions of seondary hadrons obtained with the SIBYLL
ode to parameterize the energy spetra of the final prod-
uts of p-p interations - gamma-rays, eletrons and neu-
trinos.
4Figure 2: Energy spetra of pi- and η-mesons from the numerial simulations of the SIBYLL ode (histograms) and from the
analytial presentations given by Eqs. (12) and (13) for four energies of primary protons: (a) 0.1 TeV, (b) 10 TeV, () 100 TeV,
(d) 1000 TeV.
III. DECAY OF PIONS
In this setion we disuss the energy spetra of de-
ay produts of neutral and harged ultrarelativisti pi-
mesons.
A. pi0 → γγ
The energy distribution of gamma-rays from the deay
of pi0-mesons with spetrum Jpi(Epi) reads
Qγ(Eγ) = 2
∞∫
Eγ
Jpi(Epi)
dEpi
Epi
, (14)
with total number of photons
Nγ =
∞∫
0
Qγ(Eγ) dEγ = 2
∞∫
0
dEγ
∞∫
Eγ
dEpi
Epi
Jpi(Epi) . (15)
By hanging the order of integration, and integrating
over dEγ , one obtains an obvious relation
Nγ = 2
∞∫
0
Jpi(Epi) dEpi = 2Npi . (16)
The total energy of gamma-rays also oinides with the
total energy of pions:
Eγ =
∞∫
0
Eγ Qγ(Eγ) dEγ =
∞∫
0
Epi Jpi(Epi) dEpi = Epi . (17)
Let's onsider a simple example assuming that the
spetrum of pions has a power-law form with a low en-
ergy utoff at E0:
Jpi(Epi) =
{
A/(Epi)
α , Epi > E0 ,
0 , Epi < E0 ,
(18)
where A, E0 and α are arbitrary onstants. For α > 2
5Figure 3: Comparison of the energy distributions of seondary
pi-mesons given by Eq.(4) (dashed urves) and Eq.(12) (solid
urves) alulated for two energies of parent protons Ep =
1 TeV and 100 TeV.
the number of pions and their total energy are equal
Npi = A
(α− 1)Eα−10
, Epi = A
(α − 2)Eα−20
, (19)
while the energy spetrum of gamma-rays has the follow-
ing form
Qγ(Eγ) =


2A
αEαγ
, Eγ > E0 ,
2A
αEα0
, Eγ < E0 .
(20)
Above the energy E0, the gamma-ray spetrum repeats
the shape of the pion spetrum; below E0 the gamma-ray
spetrum is energy-independent.
Note that in the region E > E0 the number of gamma-
rays of given energy E is less than the number of pions
of same energy. Indeed,
Rγ ≡ Qγ(E)
Jpi(E)
=
2
α
< 1 , at E > E0 . (21)
On the other hand, sine the total number of gamma-rays
by a fator of 2 exeeds the total number of pions, one
should expet more gamma-rays at low energies. Indeed,
the numbers of gamma-rays above and below E0 are
Nγ(Eγ > E0) = 2A
α(α− 1)Eα−10
,
Nγ(Eγ < E0) = 2A
αEα−10
.
Although Nγ(Eγ > E0)/Npi = Rγ < 1, the sum
Nγ(Eγ > E0) +Nγ(Eγ < E0) = 2Npi . (22)
One may say that the "defiit" of the number of high
energy gamma-rays is ompensated by the "exess" of
low energy gamma-rays.
B. pi → µνµ
In the rest frame of the pion, the energy of seondary
muons and neutrinos from the pi → µνµ deays are1
E0µ =
m2pi +m
2
µ
2mpi
, E0ν =
m2pi −m2µ
2mpi
. (23)
The momenta of seondaries in this system are
p0µ = p
0
ν = E
0
ν . (24)
In the laboratory frame of oordinates (L-frame) and for
Epi ≫ mpi
Eν,max =
1
mpi
(EpiE
0
ν + ppip
0
ν) ≈ λEpi , (25)
where
λ = 1−m2µ/m2pi = 0.427 . (26)
Thus, the muoni neutrinos produed at the deay
of an ultrarelativisti pion of energy Epi are distributed
as dEν/λEpi (0 < Eν < λEpi). Correspondingly, if
the energy distribution of pions is desribed by funtion
Jpi(Epi), for neutrinos produed at the deay pi → µνµ
Qν(Eν) =
∞∫
Eν/λ
Jpi(Epi)
dEpi
λEpi
. (27)
For example, in the ase of pion distribution given by
Eq.(18), one has
Qν(Eν) =


λα−1A
αEαν
, Eν > λE0 ,
A
αλEα0
, Eν < λE0 .
(28)
The ratio of neutrinos to pions of same energy is
Rν =
Qν(E)
Jpi(E)
=
λα−1
α
< 1 , at E > E0 . (29)
Note that the fator λα−1 signifiantly redues the num-
ber of neutrinos relative to their ounterpart gamma-rays
from deays of neutral pions.
C. µ→ eνeνµ
The treatment of this three-partile-deay hannel is
more omplex. Sine mµ ≫ me, in alulations we will
1
Hereafter we assume that the speed of light c = 1.
6neglet the mass of eletrons. Then the maximum energy
of the muon in the L-frame is
Eµ,max =
1
mpi
(EpiE
0
µ + ppip
0
µ) ≈ Epi . (30)
Thus, the spetra of all partiles produed at the deay
of muons will ontinue up to the energy Epi (note that
the neutrinos from the deay of harge pions ontinue
to 0.427Epi). The formalism of alulations of energy
distributions of seondary produts from deays of muons
is desribed in [9, 22℄.
In pi → µ+νµ deays muons are fully polarized. In this
ase the energy and angular distribution of eletrons (and
muoni neutrinos) in the rest frame of muon is desribed
by the funtion (see e.g. [23℄)
ge(E
′
e, θ˜
′) =
1
pimµ
τ2
[
3− 2τ ∓ (1 − 2τ) cos θ˜′
]
, (31)
where τ = 2E′e/mµ, θ˜
′
is the angle between the momen-
tum of eletron (neutrino) and the spin of muon. The
signs ∓ of the seond term in Eq.(31) orrespond to the
deays of µ+ and µ−, respetively.
While the distribution of muoni neutrinos is iden-
tial to the distribution of eletrons, the distribution
gνe(E
′
νe , θ
′) of eletroni neutrinos has the following form:
gνe(E
′
νe , θ˜
′) =
6
pimµ
τ2(1 − τ)
(
1∓ cos θ˜′
)
, (32)
where τ = 2E′νe/mµ In the rest frame of the muon the
maximum energy of eah partile is mµ/2. The funtions
given by Eqs.(31) and (32) are normalized as∫
g(E′, θ˜′) dE′ dΩ′ = 1 . (33)
Let's denote the angle between the muon momentum
in the rest frame of the pion and the eletron momentum
in the rest frame of muon as θ′. Sine the spin of µ−
is parallel to the momentum, θ′ = θ˜′, while for µ+ we
have θ′ = pi − θ˜′ (the spin is anti-parallel to the momen-
tum). Therefore the energy and angular distributions of
eletrons (expressed through θ′), from µ+ and µ− deays
have the same form:
ge(E
′
e, θ
′) =
1
pimµ
τ2 [3 + 2τ (1− 2τ) cos θ′] , (34)
For the eletroni neutrino we have
gνe(E
′
νe , θ
′) =
6
pimµ
τ2(1− τ) (1 + cos θ′) . (35)
It is easy to obtain, after Lorentz transformations, the
angular and energy distributions of the deay produts,
gi(E, θ), in the L-frame. The integration of gi(E, θ) over
the solid angle gives the orresponding energy distribu-
tions of partiles fi(E). These funtions are derived
in the Appendix. Note that the energy distribution of
leptons from the pi+ and pi−-meson deays are idential
beause of the CP invariane of weak interations. In
this regard we should note that the statement of Ref.[24℄
about the "e± asymmetry" is not orret.
For ultrarelativisti pi-mesons the result an be pre-
sented in the form of funtions of variable x = E/Epi,
where E is the energy of the lepton. Let's denote the
probability of appearane of the variable x within the
interval (x, x+dx) as dw = f(x) dx. The analytial inte-
gration gives the following distributions for eletrons and
muoni neutrinos:
fe(x) = fν(2)µ
(x) = gνµ(x)Θ(x− r)+
(h
(1)
νµ (x) + h
(2)
νµ (x))Θ(r − x) , (36)
where r = 1− λ = (mµ/mpi)2 = 0.573,
gνµ(x) =
3− 2r
9(1− r)2
(
9x2 − 6 lnx− 4x3 − 5) , (37)
h(1)νµ (x) =
3− 2r
9(1− r)2
(
9r2 − 6 ln r − 4r3 − 5) , (38)
h
(2)
νµ (x) =
(1 + 2r)(r − x)
9r2
×
[
9(r + x)− 4(r2 + rx + x2)] , (39)
Θ is the Heaviside funtion (Θ(x) = 1 if x ≥ 0, and
Θ(x) = 0 for x < 0).
For eletroni neutrinos
fνe(x) = gνe(x)Θ(x − r)+
(h
(1)
νe (x) + h
(2)
νe (x))Θ(r − x) , (40)
where
gνe(x) =
2(1− x)
3(1− r)2×[
6(1− x)2 + r(5 + 5x− 4x2)) + 6r lnx] , (41)
h
(1)
νe (x) =
2
3(1− r)2×[
(1− r)(6 − 7r + 11r2 − 4r3) + 6r ln r] , (42)
h
(2)
νe (x) =
2(r − x)
3r2
×
(
7r2 − 4r3 + 7xr − 4xr2 − 2x2 − 4x2r) . (43)
The funtions are normalized
1∫
0
f
ν
(2)
µ
(x) dx =
1∫
0
fνe(x) dx = 1 . (44)
7At x = 0 one has f
ν
(2)
µ
(0) = 2.214 and fνe(0) = 2.367,
while at x→ 1 the funtions behave as
f
ν
(2)
µ
(x) =
2(3− 2r)(1 − x)3
3(1− r)2 , fνe(x) =
4(1− x)3
1− r .
(45)
It is possible to obtain simple analytial presentations
also for the so-alled Z-fators:
Z
(2)
νµ (α) ≡
1∫
0
xα−1f
ν
(2)
µ
(x) dx =
4[3− 2r − rα(3− 2r + α− αr)]
α2(1− r)2(α + 2)(α+ 3) , (46)
Zνe(α) ≡
1∫
0
xα−1fνe(x) dx =
24[α(1− r)− r(1 − rα)]
α2(1 − r)2(α+ 1)(α+ 2)(α+ 3) . (47)
For omparison, for γ-rays and neutrinos from the pi →
µνµ deay, one has
Zγ = 2/α , (48)
and
Z(1)νµ = λ
α−1/α , (49)
where λ is defined by Eq.(26).
In Fig. 4 we show the funtions dw/dx for different de-
ay produts in the L-frame. Note that the distributions
of eletrons and muoni neutrinos produed at deays of
muons simply oinides. In the same figure we show also
the distributions of photons (from the deay pi0 → 2γ
of neutral pions) and muoni neutrinos (from the deays
pi → µνµ of harged pions). The urves orresponding to
the distribution of muoni neutrinos are marked by sym-
bols ν
(1)
µ for the neutrinos from the diret deay pi → µνµ
and ν
(2)
µ for the neutrinos from the deay µ→ eνµνe. All
funtions are normalized,
∫ 1
0 dw = 1.
D. Energy spetra of deay produts for arbitrary
energy distributions of pions
The spetra of seondary produts of deays of pions
of arbitrary energy distributions Jpi(Epi) (the number of
pions in the energy interval (Epi , Epi + dEpi) is equal
dNpi(Epi) = Jpi(Epi) dEpi) are determined by integration
over the pion energy. In partiular, for gamma-rays
Qγ(Eγ) = 2
1∫
0
Jpi
(
Eγ
x
)
dx
x
. (50)
Figure 4: Energy distributions of the seondary produts
(photons, eletrons, muoni and eletroni neutrinos) of de-
ays of monoenergeti ultrarelativisti neutral and harged
pions. All distributions are normalized,
∫
1
0
dw = 1.
The fator 2 implies that at the deay of pi0-meson two
photons are produed. Similarly for the eletrons and
eletroni neutrinos
Qe(Ee) = 2
1∫
0
fe(x)Jpi
(
Ee
x
)
dx
x
, (51)
Qνe(Eνe ) = 2
1∫
0
fνe(x)Jpi
(
Eνe
x
)
dx
x
. (52)
Here the fator 2 takes into aount the ontributions
from both pi+ and pi− pions.
Finally, for muoni neutrinos we have
Qνµ(Eνµ ) = 2
1∫
0
(f
ν
(1)
µ
(x) + f
ν
(2)
µ
(x))Jpi
(
Eνµ
x
)
dx
x
=
2
λ
λ∫
0
Jpi
(
Eνe
x
)
dx
x
+ 2
1∫
0
f
ν
(2)
µ
(x)Jpi
(
Eνµ
x
)
dx
x
. (53)
The first and seond terms of Eq.(53) desribe the muoni
neutrinos produed through the diret deay pi → µνµ of
the pion and the deay of the seondary muon, respe-
tively. Note that in Eqs.(51)  (53) we do not distinguish
between eletrons and positrons , as well as between neu-
trinos and antineutrinos. In fat, in p − p interations
the number of pi+- mesons slightly exeeds the number
of pi− even at energies far from the threshold. However,
8Figure 5: The ratio of the number of leptons to photons of
same energy for power-law distributions of pions with spetral
index α. It is assumed that pi0, pi+ and pi− have idential
distributions.
this effet is less than the auray of both the measure-
ments and our analytial approximations, therefore we
will adopt ν = ν¯ and e+ = e−.
It is of pratial interest to ompare the spetra of the
seondary partiles for power-law distributions of pions.
Namely, let assume that the energy distributions of pi0,
pi− and pi+ mesons are distributed by Eq.(18) with an
arbitrary spetral index α. Then in the energy region
E > E0 the energy spetra of photons and leptons are
power-law with the same spetral index α. The ratio
of leptons to photons of same energy depends only on
α. For the muoni neutrinos, eletrons, and eletroni
neutrinos these ratios are
Nνµ
Nγ
= λα−1 + α
1∫
0
fe(x)x
α−1 dx , (54)
Ne
Nγ
= α
1∫
0
fe(x)x
α−1 dx , (55)
Nνe
Nγ
= α
1∫
0
fνe(x)x
α−1 dx . (56)
The ratios given by Eqs.(54), (55) and (56) as fun-
tions of α are shown in Fig. 5. Note that only in the
ase of α = 1 the ratio Nleptons/Nγ oinides with the ra-
tio of the total number of leptons to gamma-rays. With
inrease of α the lepton/photon ratio dereases. For ex-
ample, for α = 2 one has Nνµ/Nγ = 0.96, Ne/Nγ = 0.53,
Nνe/Nγ = 0.52. For α = 2.5 these ratios are 0.68, 0.40,
0.39, respetively. Finally, note that the spetra of ele-
trons and eletroni neutrinos are very similar, thus the
orresponding urves in Fig.5 pratially oinide.
IV. ENERGY SPECTRA OF PHOTONS AND
LEPTONS PRODUCED AT P-P COLLISIONS
For alulations of the energy spetra of gamma-rays,
neutrinos and eletrons produed at p-p interations one
should substitute the distribution of pions Fpi(x, Ep)
given by Eq. (12) into Eqs.(50)  (53):
Jpi(Epi) dEpi → Fpi(x, Ep) dx = Fpi
(
Epi
Ep
, Ep
)
dEpi
Ep
.
(57)
The inident proton energy Ep enters this equation as a
free parameter.
A. Spetra of gamma-rays
For alulations of gamma-ray spetra one should in-
lude the ontribution also from η-mesons. The main
modes of deay of η-mesons are [26℄: η → 2 γ (39.4%);
η → 3 pi0 (32.5%); η → pi+pi−pi0 (22.6%) and η → pi+pi−γ
(5%). Approximately 3.2 gamma-ray photons are pro-
dued per deay of η-meson; the energy transferred to all
gamma-rays is 0.81Eη.
The spetrum of gamma-rays produed in the diret
η → 2 γ deay is alulated similarly to the deay
of pi0-mesons. For aurate alulation of gamma-ray
spetra from the deay hains η → 3 pi0 → 6γ and
η → pi+pi−pi0 → 2γ, one has to know, stritly speaking,
the funtion of energy distribution of pions g(E0pi) in the
rest frame of the η-meson, and then alulate, through
Lorentz transformations, the distribution of pions in the
L-frame. However, the alulations with model funtions
show that the spetrum of gamma-rays weakly depends
on the speifi form of g(E0pi); for different extreme forms
of funtion g(E0pi) the results vary within 5 perent.
The maximum energy of pions in the rest frame of
η-meson is E0pimax = (m
2
η − 3m2pi)/(2mη), while in the
L-frame Epimax =
(
E0pimax + p
0
pi max
)
Eη/mη ≈ 0.73Eη.
Therefore the spetrum of gamma-rays from the deay
hain of η-mesons breaks at Eγ = 0.73Ep.
The spetra of gamma-rays alulated for both pi0 and
η-meson deay hannels are shown in Fig. 6. The total
spetrum of gamma-rays, based on the simulations of
energy distributions of pi and η-mesons by the SIBYLL
ode, an be presented in the following simple analytial
9form
Fγ(x, Ep) = Bγ
d
dx
[
ln(x)
(
1− xβγ
1 + kγxβγ (1− xβγ )
)4]
=
Bγ
ln(x)
x
(
1− xβγ
1 + kγxβγ (1− xβγ )
)4
×
[
1
ln(x)
− 4βγx
βγ
1− xβγ −
4kγβγx
βγ (1− 2xβγ )
1 + kγxβγ (1− xβγ )
]
, (58)
where x = Eγ/Ep. The funtion Fγ(x, Ep) implies the
number of photons in the interval (x, x + dx) per olli-
sion. The parameters Bγ , βγ , and kγ depend only on
the energy of proton. The best least squares fits to the
numerial alulations of the spetra in the energy range
of primary protons 0.1TeV ≤ Ep ≤ 105 TeV give
Bγ = 1.30 + 0.14L+ 0.011L
2 , (59)
βγ =
1
1.79 + 0.11L+ 0.008L2
, (60)
kγ =
1
0.801 + 0.049L+ 0.014L2
, (61)
where L = ln(Ep/1TeV). Note that around x ∼ 0.1 the
ontribution from η-mesons is about 25 perent. In the
most important region of x & 10−3 Eq.(58) desribes the
results of numerial alulations with an auray better
than a few perent provided that the energy of gamma-
rays Eγ & 1GeV. At low energies, this analytial pre-
sentation does not provide adequate auray, therefore
it annot be used for the estimates of the total number
of gamma-rays.
The numerial alulations of energy spetra of
gamma-rays from deays of pi0 and η mesons for four
energies of inident protons, 1, 30, 300, and 3000 TeV,
are shown in Fig. 6 together with the analytial presen-
tations given by Eq.(58). The numerial alulations as
well as the analytial presentations of the gamma-ray
spetra shown in Fig. 6 are based on the simulations ob-
tained with the SIBYLL ode. Reently Hillas [25℄ sug-
gested a simple parameterization for gamma-ray spe-
trum based on simulations of p-p interations at pro-
ton energies of a few tens of TeV using the QGSJET
ode: Fγ(x) = 3.06 exp
(−9.47 x0.75). In Fig. 7 we show
the urve based on this parameterization, together with
gamma-ray spetra using Eq.(58) alulated for proton
energies 0.1, 100 and 1000 TeV. While there is a general
good agreement between the urves shown in Fig. 7, es-
peially around x ∼ 0.1, the parameterization of Hillas
gives somewhat steeper spetra at x ≥ 0.1 The differ-
ene basially omes from the different interation odes
used for parameterizations of gamma-ray spetra (om-
pare the urves in Fig.3). While the Hillas parameteri-
zation (dashed line) is based on the QGSJET ode, the
alulations for gamma-ray spetra shown in Fig. 7 by
solid lines orrespond to the SIBYLL ode.
Eqs.(36)  (43)
B. Energy spetra of leptons
The alulations of energy distributions of eletrons
and neutrinos from p-p have been performed numerially,
substituting Eq.(57) into Eqs. (51), (52), and (53). The
spetra of eletrons from the pi → µ νµ deays is well
desribed by the following funtion
Fe(x, Ep) = Be
(1 + ke(lnx)
2)3
x (1 + 0.3/xβe)
(− ln(x))5 , (62)
where
Be =
1
69.5 + 2.65L+ 0.3L2
, (63)
βe =
1
(0.201 + 0.062L+ 0.00042L2)1/4
, (64)
ke =
0.279 + 0.141L+ 0.0172L2
0.3 + (2.3 + L)2
, (65)
Here x = Ee/Epi and L = ln(Ep/1TeV).
The spetrum of muoni neutrino from the deay of
muon, F
ν
(2)
µ
(x, Ep), is desribed by the same funtion; in
this ase x = Eνµ/Ep.
The spetrum of muoni neutrino produed through
the diret deays pi → µ νµ an be desribed as
F
ν
(1)
µ
(x, Ep) = B
′ ln(y)
y
(
1− yβ′
1 + k′yβ′(1 − yβ′)
)4
×
[
1
ln(y)
− 4β
′yβ
′
1− yβ′ −
4k′β′yβ
′
(1− 2yβ′)
1 + k′yβ′(1− yβ′)
]
, (66)
where x = Eνµ/Ep, y = x/0.427,
B′ = 1.75 + 0.204L+ 0.010L2 , (67)
β′ =
1
1.67 + 0.111L+ 0.0038L2
, (68)
k′ = 1.07− 0.086L+ 0.002L2 . (69)
The spetrum of F
ν
(1)
µ
sharply utoffs at x = 0.427. The
total spetrum of muoni neutrinos Fνµ = Fν(1)µ
+ F
ν
(2)
µ
,
where F
ν
(1)
µ
= Fe. Also, with good auray (less than
5%) Fνe ≈ Fe.
The spetra of eletrons and muoni neutrinos for dif-
ferent energies of protons (0.1, 100, and 1000 TeV) are
shown in Figs. 8 and 9, respetively.
Although pi±-deays strongly dominate in the lepton
prodution (see e.g. [9℄), the ontribution through de-
ays of other unstable seondaries, first of all K-mesons,
is not negligible. In partiular, alulations based on sim-
ulations of all relevant hannels using the SIBYLL ode
show that the total yield of eletrons and neutrinos ex-
eeds Eq.(62) by approximately 10 % at x ∼ 0.1. At
very small values of x the differene inreases and ould
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Figure 6: Energy spetra of gamma-rays from pp interations orresponding to four dierent energies of inident protons:
(a) 1 TeV, (b) 30 TeV, () 300 TeV, (d) 3000 TeV. Solid lines - numerial alulations based on simulations of prodution of
pi and η mesons using the SIBYLL ode, dot-dashed line - analytial presentation given by Eq.(58). The partial ontributions
from pi0 and η meson deays are also shown.
be as large as 20 % at x ≪ 0.1; at very large values of
x, x ≥ 0.5, it is redued to 5 %. Thus, for power-law
energy distributions of protons, Eqs.(62) and (66) under-
estimate the flux of neutrinos and eletrons by a fator of
1.1. For prodution of gamma-rays, the simulations per-
formed with the SIBYLL ode show that the ombined
ontribution from pi0 and η meson deays exeeds 95 %
of the total gamma-ray prodution rate.
To ompare the ontributions of the final produts of
deays, in Fig. 10 we show the spetra of gamma-rays,
eletrons and muoni neutrinos for two energies of ini-
dent protons, Ep = 0.1 and 1000 TeV. It is interesting
that for signifiantly different energies of primary protons
the spetra of all seondary produts are rather similar,
although not idential. This explains why for broad and
smooth (e.g. power-law type) energy distribution of pro-
tons the so-alled delta-funtional approah of alulat-
ing gamma-ray spetra gives quite aurate results (e.g.
[13, 16℄). However for proton spetra with distint spe-
tral features, like sharp pileups or utoffs, this method
may lead to wrong onlusions onerning, in partiular,
the preditions of the energy spetra of gamma-rays and
neutrinos.
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Figure 7: Energy spetra of gamma-rays desribed by Eq.(58)
for three energies of inident protons: 0.1 TeV (urve 1),
100 TeV (urve 2) and 1000 TeV (urve 3). The dashed urve
orresponds to the Hillas parameterization of the spetra ob-
tained for proton energies of several tens of TeV.
Figure 8: Energy spetra of eletrons desribed by Eq.(62) for
three energies of inident protons: 0.1 TeV (urve 1), 100 TeV
(urve 2) and 1000 TeV (urve 3).
V. PRODUCTION RATES AND SPECTRA OF
PHOTONS AND LEPTONS FOR WIDE ENERGY
DISTRIBUTIONS OF PROTONS
The simple analytial approximations presented in the
previous setion for the energy spetra of seondary par-
tiles produed by a proton of fixed energy make the
alulations of prodution rates and spetra of gamma-
rays and leptons for an arbitrary energy distribution of
protons quite simple. Below we assume that the gas den-
sity as well as the magneti of the ambient medium are
suffiiently low, so all seondary produts deay before
interating with the gas and the magneti field.
Figure 9: Energy spetra of all muoni neutrinos desribed
by Eq.(62) and (66) for three energies of inident protons:
0.1 TeV (urve 1), 100 TeV (urve 2) and 1000 TeV (urve 3).
Let denote by
dNp = Jp(Ep) dEp (70)
the number of protons in a unite volume in the energy
interval (Ep, Ep + dEp). Below for the funtion Jp(Ep)
we will use units cm−3 TeV−1. Then the funtion
Φγ(Eγ) ≡ dNγ
dEγ
=
c nH
∞∫
Eγ
σinel(Ep)Jp(Ep)Fγ
(
Eγ
Ep
, Ep
)
dEp
Ep
. (71)
desribes the gamma-ray prodution rate in the energy
interval (Eγ , Eγ + dEγ), where nH is the density of the
ambient hydrogen gas, σinel(Ep) is the ross-setion of in-
elasti p-p interations, and c is the speed of light. The
funtion Fγ(x, Ep) is defined by Eq.(58). For the vari-
able x = Eγ/Ep Eq.(71) an be written in the following
form
Φγ(Eγ) =
c nH
1∫
0
σinel(Eγ/x)Jp(Eγ/x)Fγ(x, Eγ/x)
dx
x
. (72)
Analogous equations desribe the prodution of neu-
trinos ν + ν˜ and eletrons e− + e+; for muoni neutri-
nos both ontributions from Eqs.(62) and (66) should be
inluded in alulations. The inelasti part of the to-
tal ross-setion of p-p interations σinel(Ep) an be pre-
sented in the following form
σinel(Ep) = 34.3 + 1.88L+ 0.25L
2 , mb , (73)
where L = ln(Ep/1TeV). This approximation is ob-
tained with the fit of the numerial data inluded in the
SIBYLL ode.
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Figure 10: Energy spetra of all deay produts produed at p-p interations for two energies of inident protons: (a) 0.1 TeV
and (b) 1000 TeV. The spetrum of eletroni neutrinos is not shown beause it pratially oinides with the spetrum of
eletrons.
Thus, the alulation of prodution rates of gamma-
rays, eletrons and neutrinos for an arbitrary energy dis-
tribution of protons is redued to one-dimensional in-
tegrals like the one given by Eq.(72). The analytial
presentations desribed in the previous setion an be
used, however, only at high energies: Ep > 0.1TeV, and
xi = Ei/Ep ≥ 10−3. Continuation of alulations to
lower energies requires a speial treatment whih is be-
yond the sope of this paper. This energy region has been
omprehensively studied by Dermer [7℄ and reently by
Kamae et al. [15℄. On the other hand one may sug-
gest a simple approah whih would allow to ontinue
the alulations, with a reasonable auray, down to
the threshold energies of prodution of partiles at pp
interations. In partiular, for distributions of protons
presented in the form
Jp(Ep) =
A
Eαp
exp
[
−
(
Ep
E0
)β]
, (74)
the spetra of gamma-rays and other seondaries an be
ontinued to low energies using the δ-funtional approx-
imation as proposed in Ref.[13℄. We suggest a modified
version of this approah. Namely, we adopt for the pro-
dution rate of pi-mesons
F˜pi = n˜ δ
(
Epi − κ
n˜
Ekin
)
, (75)
where Ekin = Ep −mp is the kineti energy of protons.
The physial meaning of parameters n˜ and κ is lear from
the following relations:∫
F˜pi dEpi = n˜ , and
∫
Epi F˜pi dEpi = k Ekin . (76)
n˜ is the number of produed pions for the given distri-
bution funtion F˜pi, and κ is the fration of kineti en-
ergy of the proton transferred to gamma-rays or leptons.
For example for power-law type distribution funtions
F˜pi(E) ∝ E−α with α ≥ 2, the parameter n˜ ∼ 1.
Assuming that the parameters n˜ and κ depend weakly
on the proton energy, from Eq.(75) one finds the produ-
tion rate of pi0-mesons
qpi(Epi) = n˜
c nH
Kpi
σinel
(
mp +
Epi
Kpi
)
Jp
(
mp +
Epi
Kpi
)
,
(77)
where Kpi = κ/n˜. For the proedure desribed below n˜
and Kpi are free parameters.
The emissivity of gamma-rays is related to qpi(Epi)
though the equation
dNγ
dEγ
= 2
∞∫
Emin
qpi(Epi)√
E2pi −m2pi
dEpi , (78)
where Emin = Eγ +m
2
pi/4Eγ .
The feasibility of the δ-funtional approximation in the
energy range E < 100GeV is explained by the following
reasons.
1. In the energy range 1 ≪ E . 100GeV the ross-
setion given by Eq.(73) is almost onstant, and the spe-
trum of protons given by Eq.(74) has a power-law form.
Therefore the spetra of gamma-rays and leptons are also
power-law with the same index α. In this ase the δ-
funtional approximation leads to power-law spetra for
any hoie of parameters n˜ and Kpi. Therefore for the
given Kpi and defining the value of n˜ from the ondition
of ontinuity of the spetrum at the point E = 100GeV,
one an obtain orret dependene and absolute value of
the gamma-ray spetrum at 1≪ E . 100GeV.
2. For the value ofKpi = 0.17, the δ-funtional approx-
imation for power-law proton spetra agrees quite well, as
is demonstrated in Ref.[13℄, with numerial Monte Carlo
13
alulations [12℄, even at energies as low as E ∼ 1 GeV
(see also disussion in [16℄). At lower energies one has to
use, instead of Eq. (73), a more aurate approximation
for the inelasti ross-setion:
σinel1(Ep) = (34.3 + 1.88L+ 0.25L
2)×[
1−
(
Eth
Ep
)4]2
, mb , (79)
where Eth = mp + 2mpi +m
2
pi/2mp = 1.22 · 10−3 TeV is
the threshold energy of prodution of pi0-mesons. Eq.(79)
orretly desribes the ross-setion also at energies lose
to the threshold, and at Ep > 3Eth almost oinides with
Eq.(73). The omparison with experimental data [26℄
shows that Eq.(79) an be used in wider energy range of
protons, as it is demonstrated in Fig. 11.
σinel = (34.3 + 1.88L + 0.25L
2)×
1−
(
Eth
Ep
)4
2
, mb
Figure 11: Inelasti ross-seton of p-p interations ap-
proximated by Eq.(79). The experimental data are from
http:wwwppds.ihep.su:8001/5-5A.HTML, the open points
orrespond to the ross-setions whih are used in the SIBYLL
ode.
In Fig. 12 we show the spetra of gamma-rays and
leptons alulated for the proton distribution given by
Eq.(74). The onstant A is determined from the ondi-
tion ∫ ∞
1TeV
Ep Jp(Ep) dEp = 1 erg cm
−3 . (80)
In the energy range E ≥ 0.1 TeV alulations are
performed using Eq. (72) with funtions Fj(x, Ep) pre-
sented in Setion IV; at lower energies the δ-funtional
approximation is used with Kpi = 0.17. As disussed
above, n˜ is treated as a free parameter determined from
the ondition to math the spetrum based on aurate
alulations at E = 0.1TeV. The parameter n˜ depends
on the spetrum of primary protons. For example, for
gamma-rays, n˜ = 1.10; 0.86, and 0.91 for power-law pro-
ton spetra with α = 2 ; 2.5, and 3, respetively. For
eletrons these numbers are somewhat different, namely
n˜ = 0.77; 0.62, and 0.67 for the same spetral indies of
protons.
In In Fig. 12 we show also the gamma-ray spetrum
obtained with the δ-funtional approximation in the en-
tire energy range (dashed line). At low energies where
the gamma-ray spetrum behaves like power-law, the
δ-funtional approximation agrees very well with au-
rate alulations. However in the high energy regime
where the proton spetrum deviates from power-law, the
δ-funtional approximation fails to desribe orretly the
gamma-ray spetrum.
It should be noted that the notieable spetral feature
(hardening) aroundE ∼ 0.1 TeV in Fig. 12a is not a om-
putational effet onneted with the transition from the
δ-funtional approximation at low energies to aurate
alulations at higher energies. This behavior is aused,
in fat, by the inrease of the ross-setion σinel whih
beomes signifiant at energies of protons above 1 TeV
(see Fig. 11). This is demonstrated in Fig. 13. Indeed,
it an be seen that under a formal assumption of energy-
independent ross-setion, σinel = const, the effet of the
spetral hardening disappears.
One an seen from Figs. 12a,b that the exponential
utoff in the spetrum of protons at E0 = 10
3
TeV has
an impat on the spetrum of gamma-rays already at
10 TeV, i.e. as early as 0.01E0. The reason for suh an
interesting behavior an be understood from the following
qualitative estimates. The integrand of Eq.(72) at Eγ ≪
E0 has sharp maximum in the region of small x. To find
the loation of the maximum, let's assume σinel = const,
and replae the distribution Fγ from Eq.(58) by a model
funtion Fγ ∝ (1 − x)4/x whih orretly desribes the
features of Fγ at points x = 0 and x = 1. Then for α = 2
and β = 1 the integrand is proportional to the following
funtion
g(x) = (1− x)4 e−ρ/x , (81)
where ρ = Eγ/E0. Presenting the funtion g(x) in the
form g(x) = exp[h(x)], one an estimate the integral of
this funtion using the saddle-point integration method,
1∫
0
g(x) dx ∼ exp[h(x∗)] , (82)
where x∗ =
1
8 (
√
ρ2 + 16ρ−ρ) is the loation of the max-
imum of the funtion h(x). At ρ . 1 one has h(x∗) ≈
−4 ρ1/2 − ρ/2. Therefore the spetrum of gamma-rays
ontains an exponential term exp
[−(16Eγ/E0)1/2]. The
impat of this term is notieable already at energies
Eγ & 10
−2E0. This formula also shows that the spe-
trum of gamma-rays dereases slower ompared to the
spetrum of parent protons. In the δ-funtional approxi-
mation the gamma-ray spetrum repeats the shape of the
14
proton spetrum. The deviation of the δ-funtional ap-
proximation from the orret desription of the gamma-
ray spetrum is learly seen in Figs.12a,b.
Finally we note that for α = 2 and at energies E ≪ E0,
the amplitide of the gamma-ray spetrum exeeds the
level of the flux of muoni neutrinos. The differene is
due to the additional ontribution of η-mesons in pro-
dution of gamma-rays. If one takes into aount only
gamma-rays from deays of pi0-mesons, the spetra of
gamma-rays and muoni neutrinos are almost idential
at energies well below the utoff region, where both have
power-law behavior. This onlusion is in good agree-
ment with early studies [9, 10, 11, 27℄, and does not
ontradit to the fat that in eah pp interation the
number of muoni neutrinos is a fator of 2 larger, on
average, than the number of gamma-rays. The disbal-
ane is ompensated, in fat, at low energies. In Fig. 14
we show spetra of photons and leptons at very low en-
ergies (see Setion III). It is seen that the number of
muoni neutrinos indeed signifiantly exeeds the num-
ber of gamma-rays.
VI. SUMMARY
We present new parameterizations of energy spetra of
gamma-rays, eletrons and neutrinos produed in proton-
proton ollisions. The results are based on the spe-
tral fits of seondaries produed in inelasti p-p intera-
tions simulated by the SIBYLL ode. The reommended
simple analytial presentations provide auray better
than 10 perent over the energy range of parent protons
0.1− 105 TeV and x = Ei/Ep ≥ 10−3.
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Appendix A: ENERGY DISTRIBUTIONS OF
NEUTRINOS AND ELECTRONS FROM DECAYS
OF CHARGED PIONS
For derivation of the energy distributions of eletrons
and neutrinos at deays of harged pions, below we in-
trodue three systems of referene  K ′, K0, and K or-
responding to the the muon rest system, the pion rest
system and the laboratory system, respetively. For er-
tainty, we will onsider the pi−-deay Sine mµ ≫ me we
will neglet the mass of the eletron.
Let's denote by ge(E
′
e, cos θ˜
′) dE′e dΩ
′
the energy and
and angular distribution of eletrons in the system K ′,
where θ˜′  is the angle between the muon spin and the
eletron momentum. Sine at the pi− deay the muon's
spin is parallel to its momentum, for derivation of the dis-
tribution in the K0 system one needs to perform Lorentz
transformation towards the muon's spin. This results in
g(0)e (Ee0, cos θ0) dEe0 dΩ0 =
1
γµ(1− βµ cos θ0)×
ge
(
Ee0γµ(1− βµ cos θ0), cos θ0 − βµ
1− βµ cos θ0
)
dEe0 dΩ0 ,
(A1)
where Ee0 is the energy of the eletron, θ0 is the angle
between the eletron and muon momenta, and
γµ =
1 + r
2
√
r
, βµ =
1− r
1 + r
, (A2)
are the Lorentz fator and speed of the muon - all in the
K0 system; r = m
2
µ/m
2
pi.
In the K0 system the muon an be emitted, with same
probability, at any angle, therefore Eq.(A1) should be
averaged over the muon diretions. The funtion ge is
given by Eq.(31) in Se.III. Then, denoting cos θ0 =
nenµ (ne and nµ  are unite vetors towards the eletron
and muon momenta), and integrating over the diretions
of the vetor nµ, one obtains
g¯e0(Ee0) dEe0 dΩ0 = Fe(ξ) dξ
dΩ0
4pi
. (A3)
Here
Fe(ξ) = Ψ
(1)
e (ξ)Θ(r − ξ) + Ψ(2)e (ξ)Θ(ξ − r) , (A4)
where ξ = 2Ee0/mpi varies within 0 ≤ ξ ≤ 1, and
Ψ(1)e (ξ) =
2ξ2
3r2
(3 + 6r − 2ξ − 4rξ) , (A5)
Ψ(2)e (ξ) =
2 (3− 2r − 9ξ2 + 6rξ2 + 6ξ3 − 4rξ3)
3(1− r)2 . (A6)
The spherially symmetri funtion given by Eq.(A3)
desribes the energy and angular distribution of eletrons
in the pion rest system.
Similar alulations for eletroni neutrinos result in
g¯νe0(Ee0) dEνe0 dΩ0 = Fνe(ξ) dξ
dΩ0
4pi
. (A7)
In this equation ξ = 2Eνe/mpi (0 ≤ ξ ≤ 1), and
Fνe(ξ) = Ψ
(1)
νe (ξ)Θ(r − ξ) + Ψ(2)νe (ξ)Θ(ξ − r) , (A8)
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Figure 12: Energy spetra of gamma-rays and leptons from p-p interations alulated for the distribution of protons given by
Eq.(74) with parameters E0 =1000 TeV, β = 1 and (a) α = 2, (b)α = 1.5. The dashed urves are alulated in the δ-funtional
approximation.
Figure 13: Comparison of energy spetra of gamma-rays
alulated for the nominal inelasti ross-setion given by
Eq.(73) and a formally assumed energy independent ross-
setion σinel = 34 mb. The proton distribution is given by
Eq.(74), the relevant parameters are shown in gure.
where
Ψ(1)νe (ξ) =
4ξ2
r2
(3r − ξ − 2rξ) , (A9)
Ψ(2)νe (ξ) =
4 (−r + 3ξ − 6ξ2 + 3rξ2 + 3ξ3 − 2rξ3)
(1− r)2 .
(A10)
Now one an alulate, for the distributions of ele-
trons and neutrinos in the K0 system given by Eqs.(A3)
and (A7), the orresponding energy distributions in the
Laboratory system K. Generally, the exat analytial
presentations of these distributions appear quite om-
plex, therefore in Se.III we present Eqs.(36)  (43) de-
rived for the most interesting ase of ultrarelativisti pi-
ons.
Finally we should note that the energy distributions
of eletrons published in Ref.[24℄ are not orret. From
derivation of Eq.(C2) of that paper one an onlude
that this equation is obtained under the assumption that
the muon and pion momenta are stritly parallel, i.e.
the important step of integration of Eq.(C2) over the
muon diretions was erroneously skipped. Consequently,
the integration of Eq.(C2) over the energy distribution
of muons leads to inaurate Equations (C6) - (C12) of
Ref.[24℄.
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